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Simulating a network of Ising spins with phys-
ical systems is now emerging as a promising
approach for solving mathematically intractable
problems [1–5]. Here we report a large-scale
network of artificial spins based on degenerate
optical parametric oscillators (DOPO), paving
the way towards a photonic Ising machine capa-
ble of solving difficult combinatorial optimization
problems. We generated >10,000 time-division-
multiplexed DOPOs using dual-pump four-wave
mixing (FWM) [6, 7] in a highly nonlinear fi-
bre (HNLF) placed in a fibre cavity. Using those
DOPOs, a one-dimensional (1D) Ising model was
simulated by introducing nearest-neighbour opti-
cal coupling. We observed the formation of spin
domains and found that the domain size diverged
near the DOPO threshold, which suggests that
the DOPO network can simulate the behaviour
of low-temperature Ising spins.
Combinatorial optimization problems are becoming in-
creasingly important in our society, for example in ap-
plications such as artificial intelligence, drug discovery,
optimization of cognitive wireless networks, and analy-
sis of social networks. Many such problems are clas-
sified as non-deterministic polynomial time (NP)-hard
or NP-complete problems, which are considered to be
hard to solve efficiently with modern computers [8]. It is
well known that many combinatorial optimization prob-
lems can be mapped onto the ground-state-search prob-
lems of the Ising Hamiltonian [9]. Various schemes have
been proposed and demonstrated that simulate the Ising
Hamiltonian with physical systems, such as supercon-
ducting circuits [1], trapped ions [2], CMOS devices
[3], and electro-mechanical oscillators [4]. Among such
schemes, a coherent Ising machine (CIM) is now attract-
ing attention [5]. A CIM simulates the Ising model us-
ing a network of lasers with binary oscillation conditions
as artificial spins, and is expected to have a significant
advantage in terms of computation time over conven-
tional schemes such as simulated annealing and semi-
definite programming [5, 10–12]. Recently, Marandi et al.
∗ takesue.hiroki@lab.ntt.co.jp
demonstrated a CIM using DOPOs [13]. A DOPO can be
utilized as a stable artificial spin because it takes only the
0 or π phase relative to the pump phase [14]. The spin-
spin interaction can be simply implemented with mutual
injections of DOPO lights using delay interferometers.
In [13], a spin system composed of four DOPOs was em-
ployed for a proof-of-principle CIM experiment. How-
ever, to simulate a more complex Ising Hamiltonian to
verify the advantages of the CIM over existing methods,
we need to implement a CIM with a much larger number
of spins. Here we report a large scale network of artifi-
cial spins realized with as many as 10,000 time-division-
multiplexed DOPOs generated via dual-pump FWM in
an HNLF placed in a fibre cavity. We successfully sim-
ulated the ferro- and anti-ferromagnetic-like behaviour
of a 1D Ising spin chain by introducing uni-directional
nearest-neighbour coupling between DOPOs. In addi-
tion, we observed a formation of domain walls with which
we could obtain information on how much the state of the
spin network was excited from the ground state. We be-
lieve the present result will provide a promising platform
on which to realize an efficient machine for solving the
Ising model based on the CIM concept.
A dimensionless Hamiltonian of an N -spin Ising model
without an external magnetic field (Fig. 1 a) is given by
H = −
∑
1≤i<j≤N
Jijσiσj , (1)
where Jij is the coupling coefficient between the ith and
jth spins, and σℓ (ℓ ∈ {i, j}) denotes the z projection of
the ℓth spin, which can take ±1 values. The purpose of
an Ising machine is to find the ground state of the above
Hamiltonian with a given set of Jij using a physical sys-
tem. To realize an Ising machine, we need elements with
a binary degree of freedom to represent the spins and
a method for realizing programmable coupling between
spins. In a CIM, we employ two-mode laser oscillators
[5, 10] or DOPOs [11–13] as artificial spins. The spin cou-
pling can be implemented by injecting a portion of light
from the ith spin into the jth spin and vice versa. There-
fore, we can set Jij by changing the phase and transmit-
tance of the optical paths that connect the ith and jth
spins. For CIM operation, we start with a zero pump
2Filter
EDFA
Laser
(Pump1: 1531 nm)
IM
Laser
(Pump2: 1551 nm)
Detector1
HNLF
Narrowband
filter
MZI1
Polarization controllerOutput
Dual pump section
Fiber cavity
Phase difference measurement
60-ps, 2-GHz
pump pulses
CouplerDetector2
WDM filter
MZI2
Wavelength
Pump1 Pump 2
Signal/idlerSpin σi
Spin-spin interaction 
Jij
Spin σj
a
b
FIG. 1. Ising model and setup for generating artificial Ising spins based on DOPOs. a An Ising model. b Experimental
setup. IM: intensity modulator, EDFA: erbium doped fibre amplifier, WDM: wavelength division multiplexing, HNLF: highly
nonlinear fibre, MZI: delayed Mach Zehnder interferometers. The difference between the propagation times of the two arms
of MZIs are 500 ps for both MZI1 and 2. The inset shows the wavelength allocation of pump 1, 2 and the signal/idler wave.
MZI2 is inserted when simulating 1D Ising model.
power for all the oscillators, and set the Jij values by
establishing optical paths between the spins. We then
gradually increase the pump. With N spins, there are
2N combinations of spin configurations. In other words,
we are operating a multi-mode oscillator with 2N modes.
As we increase the pump, the network reaches the thresh-
old, and an oscillation starts most likely at the mode (or
spin configuration) with the lowest loss, which will give
the ground state of the Ising Hamiltonian.
A DOPO can be realized by placing a phase sensitive
amplifier (PSA) [6, 7, 15–19] in a cavity, where only
a signal with phase 0 or π relative to the phase of
the pump for parametric amplification process is ampli-
fied. The principle of PSA with dual-pump FWM is de-
tailed in Method. When we install a PSA in a cavity
and drive it with a below-threshold pump, we observe
a quadrature-squeezed noise generated by spontaneous
parametric downconversion or spontaneous FWM. As we
increase the pump power, the noise light undergoes phase
sensitive amplification, which leads to phase bifurcation
as a result of spontaneous symmetry breaking [13, 14, 20].
When the pump power reaches the threshold, we obtain
DOPOs whose phases can take only 0 or π. Since the os-
cillation is initiated with the noise photons generated by
spontaneous parametric processes, the emergence prob-
abilities of 0 and π phases are inherently equal. If we
employ pulsed pump with a temporal separation ∆t, we
can generate N independent DOPOs with a single cavity
by satisfying a condition Tc = N∆t, where Tc denotes
the cavity round-trip time. The characteristics of these
DOPOs are essentially identical except for their phases,
since they share the same cavity. Thus, we can increase
the number of spins simply by increasing the pump rep-
etition frequency or by increasing Tc.
Figure 1 shows the experimental setup. Continuous
waves from two lasers with wavelengths of 1531 and 1551
nm were modulated into 2-GHz, ∼100 ps pulse trains
using lithium niobate intensity modulators. The pulse
trains were amplified by erbium-doped fibre amplifiers
(EDFA) and passed through optical bandpass filters to
suppress the amplified spontaneous emission noise from
the EDFAs. The amplified pulse trains were injected into
a fibre cavity through a wavelength division multiplex-
ing (WDM) filter. The fibre cavity contained a 1-km
HNLF, an optical bandpass filter whose passband width
was 25 GHz, a polarization controller, a 99:1 coupler for
extracting a portion of the OPO light, and the WDM fil-
ter. The HNLF had a zero dispersion wavelength of 1537
nm and a nonlinear coefficient of 21 [/W/km] (specifi-
cation). The centre wavelength of the optical bandpass
filter was set at 1541 nm so that only light that satis-
fied the signal-idler degenerate condition could oscillate.
We obtained phase sensitive amplification through dual-
pump FWM in the HNLF. As we increased the pump
powers to exceed the threshold, we obtained a group of
DOPOs. Since the cavity round-trip time Tc was approx-
imately 5.2 µs and the pump pulse interval ∆t was 500
ps, we could generate>10,000 DOPOs multiplexed in the
time domain. The DOPO train extracted from the 99:1
coupler was launched into a 1-bit delay Mach-Zehnder
interferometer (MZI1) whose two outputs were each con-
nected to a photodetector. The phase difference between
the two arms of the interferometer was adjusted so that
the light was detected by detector 1 (2) if the phase dif-
ference between adjacent DOPOs was 0 (π). Hereafter,
the phase difference measurement result is represented by
I(t) = I1(t) − I2(t), where I1(t) and I2(t), respectively,
correspond to the normalized photocurrents at time t ob-
served with detectors 1 and 2. Note that the peaks in
the waveform of I(t) represent cos∆θi, where i and ∆θi
denote the index of a DOPO and the phase difference
between the ith and (i − 1)th DOPOs, respectively.
Figure 2 a shows the OPO output power as a function
of the 1551-nm pump amplitude normalized by that at
the threshold (∼ 10-mW peak power), which we denote
by p hereafter. Here we fixed the 1531-nm pump peak
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FIG. 2. DOPO measurement results (without optical coupling). a DOPO output power as a function of normalized 1551-nm
pump amplitude. b Temporal waveforms of the phase measurement signal I(t). The red curve shows a waveform whose
temporal position was shifted by 10320∆t. To distinguish the no-shift waveform shown by the black curve, we inserted a 100-ps
offset between the black and red curves. c Histogram of the pulse peak values for 10320 DOPOs. Clear phase discretization
is observed. d Autocorrelation measurement result. The inset shows the magnification of the area shown by the red dotted
square.
power at ∼0.5 W. Thus, we observed that the OPO out-
put power exhibited clear threshold behaviour. Figure 2
b shows a result of phase difference measurement I(t).
The sign of I(t) changed randomly for each pulse, while
the amplitude remained almost the same. The measured
pulse width was ∼ 30 ps. Figure 2 c shows a histogram
of the peak values of I(t), which clearly indicates the dis-
cretization of the DOPO phase into 0 and π. The ratio
between the positive and negative pulses was 1:0.996, in-
dicating that the probabilities of the emergence of 0 and
π were the same.
Although the phases of N DOPOs generated in our setup
are completely random, each OPO should preserve the
phase once the pump power exceeds the threshold level.
This means that the same random pattern should be
observed in the phase difference measurement for every
N∆t. To confirm this, we took the phase difference mea-
surement result for 2,000 pulses and calculated the auto-
correlation (see Supplementary Information). The result
is shown in Fig. 2 d, and the region around 0 pulse de-
lay is enlarged in the inset. As seen, an identical phase
pattern was obtained 93 times for every 10,320 pulses,
which means that each DOPO was oscillating with the
same phase for at least 93 circulations in the cavity. The
red curve in Fig. 2 b shows the I(t) waveform shifted
by 10,320 pulses (with a 100 ps offset for clarity). Thus,
we could confirm that an identical phase pattern was
repeated after a circulation of the pulse train. These re-
sults indicate that our DOPOs could be operated stably
at well above the threshold.
We realized a simulator of a 1D Ising model by inserting
a 1-bit delay interferometer (MZI2) that was similar to
MZI1 into the fibre cavity (Fig. 1). The function of MZI2
was to extract half of the power of the ith pulse and in-
ject it into the (i + 1)th pulse for i < N , and a portion
of the Nth pulse was launched into the 1st pulse. This
means that with this setup we simulated the Hamiltonian
given by H = −∑Ni=1 Jσiσi+1, with a periodic boundary
condition σN+1 = σ1, which corresponds to the 1D Ising
Hamiltonian analysed in Ising’s original paper [21]. The
sign of J can be changed by tuning the phase of the de-
layed interferometer: sgn(J) = 1 and −1 can be realized
by setting the phase difference of the interferometer at 0
and π, respectively. We measured the phase difference of
the DOPOs from the cavity with the setup described in
the previous section. N was increased to 10337 in this
experiment, which was due to the increase in the fibre
cavity length caused by the insertion of MZI2.
The phase difference between adjacent DOPOs, cos∆θi,
for the coupling phase 0 and π are shown in Fig. 3 a
and b, respectively, at a normalized 1551-nm pump am-
plitude of 1.40. When the coupling phase was set at 0,
cos∆θi was ∼ 1 for the majority of pulses, implying that
the phases of the DOPOs were now aligned so that they
were in phase. With the π coupling phase, cos∆θi was
mostly negative, which means that the adjacent pulses
now had alternating phases. These phase configurations
are analogous to ferromagnetic and anti-ferromagnetic
spin configurations, respectively. We also measured the
phase difference as we changed the coupling phase. We
observed a sharp transition from the ferromagnetic to
the anti-ferromagnetic spin configuration at a coupling
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FIG. 3. Results observed with >10,000-spin 1D Ising ma-
chine. Example phase difference measurement results for a
coupling phase 0 and b pi for a normalized 1531-nm pump am-
plitude of 1.40 c Histograms of domain length distributions
for p = 1.63 (red columns), 1.28 (blue), and 1.01 (green). d
Defect density nd and correlation length x0 as a function of
normalized 1551-nm pump amplitude. Squares: nd (experi-
mental data), solid line: nd (numerical simulation), circles: x0
(experimental data). The experimental data were the average
of the values obtained from phase difference measurements
performed five times at each pump amplitude.
phase of (2k + 1)π/2 (k: integer), which confirmed that
the DOPO phase was discretised even at the boundary
between 0 and π phase coupling (see Supplementary In-
formation for details).
It is well known that no phase transition occurs in a 1D
Ising model at finite temperatures [21, 22]. This means
that, when N is large, all the spins are not aligned in the
same value in a 1D Ising model, and instead we observe
the formation of stable domains at a temperature greater
than absolute zero. Interestingly, we observed several in-
verted peaks in the cos∆θi measurement results in both
Fig. 3 a and b. This suggests that we observed in- and
anti-phase “domains” in Fig. 3 a and b, respectively,
and the inverted peaks correspond to the boundaries of
domains (domain walls). The domain length distribu-
tion histograms for various pump amplitudes are shown
in Fig. 3 c, which clearly suggests that the interaction
length between spins became longer as the pump ampli-
tude was set closer to the threshold.
We can estimate the energy increase of the spins from the
ground state by counting the number of domain walls,
which we refer to as Nd hereafter. In our 1D Ising sys-
tem, one spin flip from the ground state increases the
total energy by 2J . Therefore, the energy increase per
spin from the ground state is given by 2Jnd, where nd is
the defect density Nd/N . The experimentally obtained
defect densities nd are plotted as a function of pump
amplitude in Fig. 3 d. The result agrees well with a
numerical simulation based on the discrete-time model
described in Method, which is shown by the solid line.
We also took the auto-correlation of the phase difference
measurement data for various p values, and fitted it with
a function exp (−x/x0), where x0 denotes the correlation
length. The obtained x0 values as a function of p are
shown by the circles in Fig. 3 d. The correlation length
diverged as x0 ∝ 1/(p− 1), implying that a longer range
order can be formed when p approaches 1. On the other
hand, it takes a longer time to reach the DOPO transi-
tions when p approaches 1. The time to reach the DOPO
transitions, which we call the saturation time Ts, is an-
alytically related to x0 as Ts ∝ x20 (see Method). Our
results show that the ferro- or anti-ferromagnetic ground
states of the 1D Ising model realized with the DOPO can
in principle find the ground state of the N -spin systems
(N < x0) within a power-law time-scaling of N
2. Note
that the 1D Ising model is in fact a hard problem to
compute with a physical system because a 1D spin sys-
tem suffers from larger spin fluctuations than those in a
higher dimensional spin system.
It is informative to estimate the normalized temperature
Tn := kBT/J of the spin system, where T and kB de-
note absolute temperature and the Boltzmann constant,
respectively. The defect density nd and the correlation
length x0 can be related to Tn with the following equa-
tions: 2nd = 1− tanh (1/Tn), x0 = −1/ ln (tanh (1/Tn)).
For example, at a normalized pump amplitude of 1.01
and with in-phase coupling, both of the above equations
consistently gave Tn ≃ 0.5.
These results obtained from observation of the 1D Ising
model show that our DOPOs well simulated the be-
haviour of a low-temperature spin system. We expect
that the normalized temperature of a 1D Ising system
can be a useful index with which to evaluate the quality
of both DOPOs and other physical systems that consti-
tute Ising machines. How much further we can“cool” the
spins may be an important consideration in developing
Ising systems in the future.
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METHODS
Discrete-time model for simulating DOPO based
on dual-pump FWM. Since the DOPOs in this ex-
periment operated with a high gain because of the rel-
atively large cavity loss, the continuous-time model for
simulating DOPOs reported in [11, 12] does not accu-
rately simulate the present experiment and so we needed
to employ a discrete-time model. Here we briefly describe
the discrete-time simulation of the DOPOs. This model
will be reported in detail elsewhere.
We assume that the complex amplitudes of a degener-
ate signal, and two pumps are represented by a, b and
c. When the phase-matching condition is satisfied, the
mode coupling equations for these amplitudes are ex-
pressed as [23, 24]
da
dz
= 2iγa∗bc− 1
2
αa (2)
db
dz
= −iγa2c∗ − 1
2
αb (3)
dc
dz
= −iγa2b∗ − 1
2
αc (4)
where z is the position along the HNLF and γ is the
nonlinear coefficient of the HNLF. We rescale the field
amplitudes as: x = (2γLeff)
−1/2e−αz/2x¯ (x ∈ a, b, c),
where (Leff = (1 − e−αL)/α), and of the distance s =
(1 − e−αz)/(1 − e−αL). Then we obtain the following
normalized equations.
da¯
ds
= 2ia¯∗b¯c¯,
db¯
ds
= −ia¯2c¯∗, dc¯
ds
= −ia¯2b¯∗ (5)
The bounds are 0 ≤ s ≤ 1. If we express the phase terms
of x¯ with φx, we obtain the following equations for the
signal amplitude and phase.
d|a¯|
ds
= |a¯||b¯||c¯| cos θ (6)
dφa
ds
= |b¯||c¯| sin θ (7)
θ = φb + φc − 2φa + π/2 (8)
Thus, we can realize a PSA where only the signal with
phase 0 or π relative to the sum of pump phases is am-
plified. We may assume φb = φc = 0 without loss of
generality. Since we are interested in above-threshold
behaviour, a¯ may be presumed real because only the real
quadrature of a¯ experiences gain. So in the following we
treat x¯ as real in Eq. (5).
Equation (5) has two constants of motion: A2b = a¯
2+2b¯2
and A2c = a¯
2+2c¯2, which arise from the detailed balance
in the a+ a↔ b+ c process. Upon integrating, we find:
a¯ =
√
1− tanh2(AbAc(s+ s0)/2)
A−2b −A−2c tanh2(AbAc(s+ s0)/2)
(9)
Given the initial conditions a¯in, b¯in, c¯in, we may invert
(9) to find the constant of integration s0, and then di-
rectly compute a¯out. This gives the input-output rela-
tion. Rescaling to physical units, we define the input-
output map F [a] so that aout = F [ain]e
−αL/2, i.e. F [a]
accounts for the PSA gain but not for its loss.
Let ai(m) represent the i
th pulse at round-trip m. To
calculate the field at m+1, the pulse passes through the
nonlinear fibre and is then split in the delay line. Defining
G0 as the total round-trip (power) loss, we find:
ai(m+ 1) =
F [ai(m)]± F [ai−1(m)]
2
√
G0
(10)
Ferromagnetic interactions use a + sign; antiferromag-
netic interactions use a − sign. To account for quan-
tum noise, we work in a truncated Wigner picture [25],
which is convenient and accurate when the threshold
photon number is ≫ 1. This procedure adds Gaussian
noise terms to (10) to maintain the commutation rela-
tions [ai, a
†
j ] = δij in the presence of cavity and coupling
losses.
Equation (10) is simulated numerically to obtain the
curve shown in Fig. 3 d. In the simulation, the pump am-
plitudes were turned on at m = 0 and kept at the same
values until the end of the simulation, m = 1000. We
performed the simulation for various pump amplitudes,
and the defect density nd was derived from the final spin
configuration for each pump amplitude.
The simulations show that the evolution is a two-stage
process: in the growth stage, the field is weak and pump
depletion may be ignored, giving rise to exponential
growth in the fields ai. This lasts for time Ts and is
followed by a crystallization stage, where the field satu-
rates to one of two values: a → ±asat and domain walls
form. Over time, the domain walls attract each other
and this causes smaller domains to evaporate.
6With the reasonable approximation stated above, the dy-
namics in the growth state can be analytically solved
as follows. At the threshold, the fibre gain must be
G0 to compensate for loss. Above the threshold for
a ≪ b, c, the input-output relation can be linearized to
give F [a] = G
1
2
p
0 a. Applying (10), the net effect of a
single round trip is:
ai(t+ 1) = G
1
2
(p−1)
0
ai(t) + ai−1(t)
2
(11)
The linear map (11) is diagonalized by going to the
Fourier domain. We then integrate the equation up to
time Ts = (p− 1)−1 log(Nsat)log(G0) , namely the time it takes to
reach saturation. Ts depends only logarithmically on the
saturation photon number Nsat, which is O(10
6 − 109).
The field amplitude at saturation is:
a˜k(Ts) ∼
√
Nsate
−
Ts
2
(πk/N)2 (12)
This has a Gaussian power spectral density, which in
turn gives a Gaussian autocorrelation function: R(x) =
〈aiai+x〉/〈a2i 〉 = e−x
2/2x2
0 , with the autocorrelation
length given by x0 =
√
Ts/2.
We analysed the crystallization stage with numerical
simulations, and found that ai saturates to ±asat and
as a result ak changes its form. We also found that
the auto-correlation curves obtained in the simulations
changed from the Gaussian to a function that was ap-
proximated by exp(−x/x′0) with x′0 ≃ x0, and thus the
auto-correlation of the DOPOs may be reasonably ap-
proximated as the spin-correlation of the 1D Ising spins.
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